The Laplacian spectral radius of some graphs  by Li, Jianxi et al.
Linear Algebra and its Applications 431 (2009) 99–103
Contents lists available at ScienceDirect
Linear Algebra and its Applications
j ourna l homepage: www.e lsev ie r .com/ loca te / laa
The Laplacian spectral radius of some graphs
Jianxi Li, Wai Chee Shiu ∗, Wai Hong Chan
Department of Mathematics, Hong Kong Baptist University, Kowloon, Hong Kong, PR China
A R T I C L E I N F O A B S T R A C T
Article history:
Received 11 November 2008
Accepted 13 February 2009
Available online 19 March 2009








The Laplacian spectral radius of a graph is the largest eigenvalue of
the associated Laplacian matrix. In this paper, we determine those
graphs which maximize the Laplacian spectral radius among all
bipartite graphswith (edge-)connectivity atmost k.Wealso charac-
terize graphs of order nwith k cut-edges, having Laplacian spectral
radius equal to n.
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1. Introduction
Let G be a simple graph with vertex set V(G) = {v1, v2, . . . , vn} and edge set E(G). For v ∈ V(G),
let NG(v) (or N(v) for short) be the set of vertices which are adjacent to v in G and let d(v) = |N(v)|
be the degree of v. The maximum degree of G is denoted by (G). For any e ∈ E(G), where G is the
complement of the graph G, we use G + e to denote the graph obtained by adding e to G. Similarly,
for any set W of vertices (edges), G − W and G + W are the graphs obtained by deleting the vertices
(edges) in W from G and by adding the vertices (edges) in W to G, respectively. If G is connected and
G − W is disconnected, then we say that W is a w-vertex (-edge) cut of G, where w = |W |. For any
nonempty subset V1 of V(G), the subgraph ofG induced by V1 is denoted byG[V1]. Readers are referred
to [1] for undeﬁned terms.
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Let A(G) and D(G) be the adjacency matrix and the diagonal matrix of vertex degrees of G, re-
spectively. The Laplacian matrix of G is deﬁned as L(G) = D(G) − A(G). It is easy to see that L(G) is a
symmetric positive semideﬁnite matrix having 0 as an eigenvalue. Thus, the eigenvalues μi(G)’s of
L(G) (or the Laplacian eigenvalues of G) satisfy
μ1(G) μ2(G) · · · μn(G) = 0,
repeated according to theirmultiplicities.We also callμ1(G) andμn−1(G) the Laplacian spectral radius
(denoted by μ(G)) and the algebraic connectivity (denoted by α(G)) of the graph G, respectively. It is
known that a graph is connected if and only if its algebraic connectivity is different from zero. Since
L(G) + L(G) = nI − J, where I and J denote respectively the identity matrix and thematrix all of whose
entries being equal to 1, μi(G) = n − μn−i(G) for 1 i  n − 1. In particular, μ(G) = n − α(G) and
the following corollary is immediate.
Corollary 1.1. Let G be a graph of order n. Thenμ(G) nwith the equality if and only if G is disconnected.
The Laplacian spectral radius of graphs is an important topic in the theory of graph spectra, not
only because of its relations to numerous graph invariants (e.g., connectivity, expanding property,
isoperimetric number, maximum cut, independence number, genus, diameter, mean distance, and
bandwidth-type parameters of a graph), but also because of its applications in diverse disciplines (e.g.,
theoretical chemistry, combinatorial optimization and communication networks). See, for example,
[4,9] and the references therein for a sample of results. Recently, the problem of determining graphs
having maximum or minimum Laplacian spectral radius among given classes of graphs has received
a good deal of attention. Hong and Zhang [8] determined the tree with maximum Laplacian spectral
radius among all trees with given number of pendant edges. Guo [5,7] determined the trees with
maximum Laplacian spectral radius among all trees with given diameter and independence number,
respectively. Zhang and Zhang [12] determined the graphs with maximum Laplacian spectral radius
among the bipartite graphs with k cut-edges and the bipartite bicyclic graphs, respectively. Yu and Lu
[10]determined the treewithmaximumLaplacianspectral radiusamongall treeswithgivenmaximum
degree. Zhang [11] characterized all extremal trees with themaximum Laplacian spectral radius in the
set of all trees with a given degree sequence.
Motivated by the above mentioned recent work, we consider in the present paper the problem of
determining those graphs which maximize the Laplacian spectral radius over some special classes of
graphs.
This paper is organized as follows: in Section 2, we present some useful lemmas. In Section 3, we
determine the graph which maximizes the Laplacian spectral radius among all bipartite graphs with
(edge-)connectivity at most k. In Section 4, we characterize all graphs of order nwith k cut-edges and
whose Laplacian spectral radius equal to n.
2. Preliminaries
In this section, we present some lemmas, which will be useful in the subsequent sections.
Lemma 2.1 ([3]). Let G be a connected bipartite graph and H be a subgraph of G. Thenμ(H) μ(G),with
the equality holds if and only if G = H.
Lemma 2.2 ([6]). Let u and v be two vertices of a connected bipartite graph G = (V1,V2, E). Suppose that
v1, v2, . . . , vs (1 s  d(v)) are some vertices of N(v)\N(u) different from u. Let x be a unit eigenvector of
L(G) corresponding to μ(G), and let G∗ be the graph obtained from G by deleting the edges vvi and adding
the edges uvi (1 i  s). If |xu| |xv| and G∗ is also a bipartite graph, then μ(G∗)>μ(G).
Lemma 2.3 ([2]). Let G be a connected graph of order n. Then,
μ(G)max{d(u) + d(v) − |N(u) ∩ N(v)| : uv ∈ E(G)}.
Hence this upper bound for μ(G) does not exceed n.
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3. Graphs with connectivity at most k
Let k  1. We say that a graph G is k-connected if either G is the complete graph Kk+1, or G has at
least k + 2 vertices and contains no (k − 1)-vertex cut. Similarly, G is k-edge-connected if it has at least
two vertices and does not contain (k − 1)-edge cut. The maximum value of k for which a connected
graph G being k-connected is the connectivity of G, denoted by κ(G). If G is disconnected, we deﬁne
κ(G) = 0. The edge-connectivity κ ′(G) is deﬁned analogously. We remark that if G is of order n, then
(1) κ(G) κ ′(G) n − 1, and
(2) the three statements κ(G) = n − 1,κ ′(G) = n − 1 and G∼=Kn are equivalent.
We denote by Vkn the set of graphs of order n with κ(G) k  n − 1, and by Ekn the set of graphs of
order n with κ ′(G) k  n − 1. Let Vk+n and Ek+n denote the set of bipartite graphs of order n with
κ(G) k and κ ′(G) k, respectively.
Theorem 3.1. Among all graphs G in Vk+n , the maximum Laplacian spectral radius is attained uniquely
when G∼=Kn−k, k.
Proof. We have to prove that for every G ∈ Vk+n ,μ(G) μ(Kn−k, k), and the equality holds if and only
if G∼=Kn−k, k. Let G∗ with V(G∗) = {v1, v2, . . . , vn} be the graph having the maximum Laplacian spectral
radius among all graphs in Vk+n , i.e. μ(G) μ(G∗) for every G ∈ Vk+n . Denote the unit eigenvector
corresponding to μ(G∗) by x = (x1, x2, . . . , xn), where xi corresponds to the vertex vi (i = 1, 2, . . . ,n).
Since G∗ ∈ Vk+n ,G∗ has a k-vertex cut. Without loss of generality, we may let V1 = {v1, v2, . . . , vk} be a
k-vertex cut of G∗. We ﬁrst prove the following two claims.
Claim 1. All the components of G∗ − V1 are complete bipartite graphs.
Since G∗ ∈ Vk+n , all the components of G∗ − V1 are bipartite graphs. Suppose on the contrary that
G1 = (X ,Y) is a non-complete bipartite component ofG∗ − V1. Thenwe can add one edge from u ∈ X to
v ∈ Y to formanewgraphG∗ + uv. It is obvious thatV1 is alsoak-vertexcutofG∗ + uv, i.e.G∗ + uv ∈ Vk+n .
By Lemma 2.1, we have μ(G∗)<μ(G∗ + uv), which contradicts the maximality of G∗.
Thus, we may assume that all components of G∗ − V1 are complete bipartite graphs, say, Km1,n1 ,
Km2,n2 , . . . ,Kmt ,nt , and let ai = mi + ni for 1 i  t. Then k +
∑t
i=1ai = n.
Claim 2. At most one of a1, a2, . . . , at is greater than 1.
Otherwise, for some 1 i< j  t, we have ai >1 and aj >1. Let vi ∈ Kmi ,ni , vj ∈ Kmj ,nj , and vi, vj ∈
N(V1). If NG∗(vi)\V1 = {vi1, vi2, . . . , vini } and NG∗(vj) \ V1 = {vj1, vj2, . . . , vjnj }, we let
G =
{
G∗ − {vjvj1, vjvj2, . . . , vjvjnj } + {vivj1, vivj2, . . . , vivjnj } if |xi| |xj|;
G∗ − {vivi1, vivi2, . . . , vivini } + {vjvi1, vjvi2, . . . , vjvini } otherwise.
It is clear thatG ∈ Vk+n so that by Lemma2.2, we haveμ(G∗)<μ(G), which contradicts themaximality
of G∗.
Since G∗ ∈ Vk+n , combining Claims 1 and 2, we have that G[V1] = kK1. If ai = 1, 1 i  t, then
G∗ ∼=Kn−k, k; if exactly one of a1, a2, . . . , at is greater than 1, say a1 >1, then G∗ must be the graph
K∗n shown in Fig. 1. By Corollary 1.1, we then have μ(K∗n)<μ(Kn−k, k) = n. 
Since Kn−k, k ∈ Ek+n ⊆ Vk+n , the following corollary is immediate.
Corollary 3.2. Among all graphs in Ek+n , the maximum Laplacian spectral radius is attained uniquely at
Kn−k, k.
Wereﬁgure the graphKn−k, k as shown in Fig. 2,where |V1| = k, |V2| = r>0 and |V3| = n − k − r>0.
It is clear that when edges are added to join vertices within V1, vertices within V2, and those within








Fig. 2. Complete bipartite graph: Kn−k, k .
V3, the Laplacian spectral radius of the resulting graph will not be affected. Hence we may have the
following lemma.
Lemma 3.3. Let K
ti , li ,mi
n−k, k be the graph obtained from Kn−k, k depicted in Fig. 2 by adding ti edges joining
vertices within V1, li edges joining those within V2, and mi edges joining those within V3, where 0 ti 
k(k−1)
2
, 0 li  r(r−1)2 and 0 mi  (n−r−k)(n−r−k−1)2 . Then K
ti , li mi
n−k, k ∈ Vkn and μ(K
ti , li mi
n−k, k ) = n.
Remark 3.1. Lemma 3.3 exempliﬁes some graphs in Vkn having Laplacian spectral radius equal to n.
The problem of characterizing all graphs in Vkn having Laplacian spectral radius equal to n seems to be
difﬁcult.
4. Graphs with k cut edges
Zhang and Zhang [12] had determined the graph with maximum Laplacian spectral radius among
all bipartite graphs of order nwith k cut-edges. In this section, we study the correspondingmaximality
problem among all simple graphs of order nwith k cut-edges.
Let Gkn be the set of all simple graphs with n vertices and k cut-edges. It is noted that k must be
less than or equal to n − 1. LetBkn be the set of graphs of order n having maximum degree n − 1 and
exactly k pendant edges. It is clearly thatB
k
n ⊂ Gkn. Thus, we have the following lemma.
Lemma 4.1. Let G be a graph containing at least one cut-edge e, i.e., G − e = G1 ∪ G2, where G1,G2 are
two connected components of G − e. If G is disconnected, then e is a pendant edge of G, i.e., |G1| = 1 or
|G2| = 1.
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Theorem 4.2. Let G ∈ Gkn with 1 k  n − 1. Then μ(G) = n if and only if G ∈Bkn.
Proof. By Corollary 1.1, we only need to prove that ifG /∈Bkn, thenG is connected, and henceμ(G) = n.
Let E1 = {e1, e2, . . . , ek} be the set of cut-edges of G. By Lemma 4.1, we may assume that every ei ∈ E1
is a pendant edge.
We next prove that all k cut-edges are attached to a common vertex u. Otherwise, there exist two
pendant edges u′v′ = ei, x′y′ = ej ∈ E1. By Lemma 4.1, we may assume that d(v′) = d(y′) = 1.
If u′x′ /∈ E(G), then it is easy to check that for each e = uv ∈ E(G), d(u) + d(v) − |N(u) ∩ N(v)| =
|N(u) ∪ N(v)| n − 1.
If u′x′ ∈ E(G), then one readily checks that for each uv ∈ E(G) \ {u′x′}, |N(u) ∪ N(v)| n − 1. For
|N(u′) ∪ N(x′)| n, the equality holds if and only if for every w ∈ V(G) \ {u′, x′},w ∈ N(u′) ∪ N(x′).
Therefore it is obvious that when |N(u′) ∪ N(x′)| = n,G is connected.
But then, Corollary 1.1 and Lemma 2.3 together imply that μ(G)<n, which is a contradiction.
Thus, all k cut-edges are attached to a common vertex u so that d(u) = n − 1. Since G ∈ Gkn, edges
in E(G) \ E1 must be those in a triangle (a cycle of length 3). Hence G ∈Bkn. ﬁnishing the proof. 
Remark 4.1. We have found in Theorem 4.2 all graphs of order n with k cut-edges with Laplacian
spectral radius equal to n.
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